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Poccniickaa Dexepauna 


Introduction. Modern processes of welding, surfacing, 
soldering and bonding provide producing structural elements 
of monolithic interconnected dissimilar anisotropic materials. 
The combination of different materials with qualities 
corresponding to certain operating conditions offer 
comprehensive facilities to improve the technical and 
economic characteristics of machines, equipment and 
structures. It can contribute to a significant increase in their 
reliability, durability, and to reduction of the production and 
operation costs. 

Materials and Methods. The work objective is to study the 
boundary state of stress of anisotropic composite plates in the 
framework of the classical theory of plate bending. The outer 
edges of the plate are considered free. Using the classical 
theory of bending of an anisotropic plate in the space of 
physical and geometric parameters, hypersurface equations are 
obtained that define low-stressed zones for the contact surface 
edge of a cylindrical orthotropic composite plate. 

Research Results. Finding the criteria for engineering 
structures to determine the limiting strength characteristics of 
structural elements is one of the urgent tasks of the deformable 
solid mechanics. Strength problems in structures are often 
reduced to elucidating the nature of the local stress state at the 
tops of the joints of the constituent parts. This paper is devoted 
to solving this problem for composite anisotropic plates in the 
area of their bending. 

Discussion and Conclusions. The solution proposed in this 
paper may be useful for increasing the strength of composite 


products. 


Keywords: low-stressed level, plate bending, anisotropic, 
composite, rigidly fixed, angle rib, classical theory of bending, 
linearly elastic. 
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woe e 
PaOota BBIMOJIHeHa B paMKax MHHWMaTHBHOK HUMP. 


Beedenue. CosppeMeHHBEIe TEXHOJIOTHYCCKHE TIpOwWeccsl 


CBapKH, HalWlaBKH, awk WW CKIICMBaHHA MO3BOJIAIOT 
WU3TOTOBJIATh SJICMCHTBI KOHCTpykKuHit 3 


COCXHHCHHBIX MOK IY cobor pa3HOpPOAHbIX AaAHH3OTPOMHBIX 


MOHOJIHNTHO 


MaTepHasioB. KomOnuupopaHie pa3JIM4HbBIX MaTepHasioB, 
oOmamqarouux KadeCTBaMH, COOTBCTCTBYIOUIMMH TCM HII 
MHbIM YCJIOBHAM OSKCIUIyaTalHn, OTKPbIBaeT Oompune 
BO3MO2KHOCTU JAJA TIOBbIMICHHA 


SKOHOMHYCCKHX XapakKTeCpHCTHK Mali, oOopyqoBaHna u 


TCXHHYCCKUX u 


coopyxKeHHi. OHO MOxeT cmocoOcTBOBaTbh 3HadHTeIbBHOMY 
YBCJIM4CHHIO UX HajeKHOCTH, JOJTOBCYHOCTH, YMCHbIIeCHHIO 
pacxoOB Ha M3rOTOBIeHHe HM IKCIUIyaTallHto. 

Mamepuaavi u memooot. Uenbto pabortsl aBIIAeTcA H3y4eHHe 
TIpeyqeIbHOrO HallpsKeHHOrTO COCTOAHHA aHH30TPOMHBIX 
COCTaBHBIX IIlaCTHH B paMKaXx KJlaccHyecKol TeopHu u3rn6a 
TilacTHH. BHeliHue Kpaa MIacTHHbI CUNTAaFOTCA CBOOOHBIMN. 
Ucnomp3ya kKilaccuyecky¥o TeopHio w3ru6a aHv30TpOMHolt 
TIIaCTHHbI B MpocTpaHcTBe Pu3H4yecKUx WH TeOMeTpHyecKuXx 
TlapaMeTpos, 


TIOJTY4CHbI aBHeHHA FTHNepmOBepxXHOCTUu 
2 


ONpeesArOuwwe 30HbI MaslOHalipsx9KeCHHOCTH JIA kpadw 


KOHTaKTHOM MOBepXHOCTH cCOCTaBHOM  WHWIHHIpH4uecKH 
OpTOTpomHOH WiacTHHBI. 

Pesyismamel ~=uccaedoeanua. Haxoxyenve Kkputepues 
VMEDKCHEPHBIX COOPyKCHHH,  MO3BOJIAIOMIMX  OlpeyeIMTb 
TIpeeubHbIe TPOYHOCTHbIe XapakKTepHCTHKH 9JIEMeHTOB 


KOHCTpyKUMH, ABIAeTCH OHO M3 aKTyayIbHBIX 3aa4y 
MexaHuku edopmMupyemoro TBepyoro tesa. IpoOmempr 
IIPOUHOCTH B KOHCTPyKI[MAX 4aCTO CBOJATCH K BbIACHCHHIO 
xapakTepa MeCTHOrO HallpsxKeHHOrO COCTOAHMA y BeplIHH 
CTBIKOB COCTAaBJIAIOWIMX uactei. JjaHHad CcTaTba MOcBAIeHa 
pellieHu1o 9TOM MpoOMeMbI TIA COCTaBHBIX aHVM30TPOMHBIX 
TWIacTHH B OOacTH Ux u3rHda. 

O6cyarcdenue u 3akmouenun. PemeHue, mpefiaraemMoe B 
aHHou paOoTe, MoxeT ObITh NoOse3HBIM JIA MOBbIMIeHHA 


TIPOWHOCTH KOMITO3HTHBIX v3 yeni. 


Ksouesbie c0Ba: MaslOHallpsKeHHOCTb, W3rHO TWIacTHH, 
AHH30TPONHBIM, COCTAaBHOM, 2KCCTKO 3all[eMJICHHBI, yrylOBoe 
peOpo, kiaccu4eckas Teopua H3rHOa, IMHeiHO ynpyrHit. 
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Introduction. A low-stressed state near the angle rib of the edge of the contact joint surface of two different, 
cylindrical orthotropic plates of the same thickness [1-5], rigidly fixed along the outside edges, in the framework of the 
classical bending theory of linear-elastic anisotropic plates [6, 7], rigidly fixed at the outside edges, is considered. 

The behaviour of stresses at the angular vertex under bending a homogeneous isotropic plate that has an angle 
rib was studied in [8] using the classical theory of plate bending. The subsequent consideration of this problem through 
the refined Reissner theory has shown that the shearing forces in this edge are finite [9]. The existence and location of 
zones of low tension and stress concentration at the compound plate corners were experimentally shown in [10]. The 
case of bending of an inhomogeneous compound plate was considered in [11]. 

The surface connecting two plates is vertical to the median plane. Such a compound plate is subject to bending 
under total shear loading. The neighbourhood of the angle rib of the joint contact surface is free from external forces. 
We place the cylindrical coordinate system origin at the corner point of the median plane of the plate. Fig. 1 shows the 
plane z=0. Assume the main anisotropic axes coincide with the axes of this cylindrical coordinate system. The thickness 
of the plate is denoted by h, and the values in the vicinity of the point r=0 referring to the regions 0<0<a, -h/2<z<h/2 
and -B<60<0, -h/2<z<h/2, note by the indices i=1, 2, respectively. 





Fig. 1. Compound plate schematic 


Materials and Methods. The deflection w; of each region of the orthotropic plate about the point r=0 is 
a from the equation [3]: 


1 o* _OtWi 1 a* wi 10? wi 1 Bw; 1 d2wj 1 a2 a wi, 1 Ow; 
Duis 2D eis “2 by2ag? DOI =a gge teri = 5,3 2 Drei 3 F592 Dei =a 5,2 t2(Dei + + Drei) 552 Dei az, = 9,0) 
oe De Do;, Dre; are stiffness of each region of the anisotropic plate: 
Eri Eoi 3 Gi 1,3 
Dp, = hi; Dg = = A Dg = DyiVei + 2Dxi3 Dei = th 
ri 120—Vive) di 12(1—Vpivoi) » ri riVoi + kis “ki 12 


Here, E;;, Egi, Vi, Voi, G; are anisotropic parameters of each region. 
Presenting the plate deflection in the form 


wi(r, 0)=r"**F,(0 ,A), (2) 
where f; and A are the required functions and the constant, 
fo" +2(kyA? + 1) fi’ +A? — 1) (kaid* — 1) fi, =0, (3) 
D Dd, 
will follow from the equation (1), where k,;= mT Dip: ka = "TDi: 


The roots of the corresponding characteristic equation for (3) are determined from the following expression 


razaaimty — (kA? + 1) AV (k2, = kad? + 2ky; + kai + 1=tV—a ED (4) 


The following three cases are wanted to be considered: 
1) All four roots (4) are imaginary (a = b,b is real value) 





(1,234 = LWxil, 
Where the case k=1 corresponds to the lower character under the radical(4), and k=2 - to the upper one. 
2) All roots (4) are complex (b is imaginary value). 
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T(1,2,3,4)i = (Et in;): 
3) One pair of roots is real and the other is imaginary (a< b, b are real). 
Taayi = £6: Te@ayi = Enii. 
For each of the cases, we write the general solution of the equation (3): 
1) ff=A; cos Wy; O+B; sin w1; O+C; COS Wz; O+E; sin w; 0 
2) fi=A; cosh &; 8 cosn; 0 + B; sinh €;6 cos n; 0 + C; cosh €; 6 sinn;@ + +E; sinh €;6 sinn;,0 (5) 
3) fj=A; cosh €; 0+B; sinh €;6 + C; cosy; O+E; sinn,8, 


where A;, B;, C;, E; are arbitrary constants. 
Then we have for the moments: 
Mi = —Dyir**[veifi’ + A+ DAF veidfil 
Moi = —Deir* “Lf + A+ DOridA + fi] 
Myo: = —2Dyir* fi, (6) 
The shearing forces will be calculated by the formulas: 
Qri = —1*-?[(D, 9A — Doi) fi" + (A + 1)(D,iA? — Doi) fil 


Qo; = —1*-? [Doi f;” + (A + 1)(D-9iA + Doi) fi] (7) 
For a generalizing cutting force, we will have 
OMyoi = m ' 
Voi = Qoi + = 14? (Doif” + Gif i): (8) 


where 
Gi = (A+ 1)Doi + ALA + 1)D, 6; + 2 — 1)D,i]. 
On the contact surface (0 = 0), the conditions of deflection continuity, rotation angle, bending moment and 
generalized shear force should be observed. 
hah ft =f Deft" + afi = Deoh"tG2h2, (9) 
Delf + A+ DOA + DAl = Dealfe’ + A+ DOr24 + Df). 
Consider the boundary conditions at the outside edges (8 = a, 0 = -B) of the plate. In case of rigid restraint 
fi =f =0, (10) 
Substituting the value f; from (5) into the boundary conditions (9) and (10), we obtain three systems of eight 
linear equations relatively eight constants A;, B;, C;, E; for each of the three cases in (5) 
For case 1: 
A,+ Cy = A2- C2=0 (11) 
41 By +21 Ey —W12B2—W22E2=0 
Doi91141 + Dor 921C1 — Do29i2A2 — Do2q22C2=0 
041P11 By+@21P21 Fy — W42P12 Bz — W22P22 EF, = 0 
A, COS W141 A+B, sin W1,a+C, COS Wz, A+E, SiN Wz, a=0 





A,@1, SiN @,, a — By @11 COS @1,A+C,W2, SIN Wz, A — E,W 2, COS W2, a=0 
Az COS W412 B — Bz sin W42 B +Cz COS W228 — Ez sin w22 B=0 
Az @12SiN W127 B + Bz W12C0S W127 B +CzW22 SiN W22P + Ey W22C0S W227 B=0 
The following notation is used here: 
Pyi=(A + 1 — wij) Det A[(A + 1)D,9; + 2(A — 1)D xi] 
qji=A + 1), iA + 1)-wF;, j=1, 2 





For case 2: 
A, — Az = 0, § By +110, — §2B2 — n2Cz = 0 (12) 
@Do,Ay + 2D91611 Ey — @2D92A2 — 2D6252N2E2 = 0 
Py By+q,C, — Pz Bz — qzC,=0 
A, cosh &, acosn,a +B, sinhé,acosn,a+C, coshé, asinn, « +F£, sinhé, xsinn, x = 0 

A, (&,sinh €, acosn, a — yn, cosh é, asinn,a@) 
+B, (coshé,acosn, a —7n,sinhé, xsinn, «) 
+C, (&,sinh €, asinn, «+n, coshé, a cosy, a 

+E, (€,coshé, xsinn, «+7, sinh & acosn, a) = 0 

Az cosh €, B cosnz B — Bz sinh é,8 cos nz B — Cz cosh €2 B sinn2B+E> sinh é2f8 sinn2B = 0 

Az (g2sinh ¢, B cos nz B — nz cosh é2 B sinn2f) 
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—B, (cosh ¢28 cos 2 B — nz sinh §2P sinn2f) 
— C, S2sinh €2 B sinn2B +n2 cosh §2f cos nz 6) + E2(g2cosh ¢28 sinn2f + nz sinh g B cos n2 B) 
= 0, 
where the following is indicated: 
wo. = § —n + At DOA +1) 
pi=Sil( E27 — 307 + A+ 1) Do tAl(A + 1)Dy 9; + 20a — 1)Dxi]} 
qi = n{(3E7 — n? + A+ Doi + ALA + Drei + 2A — 1)Dxa]} 
For case 3: 
A,+ C, — Az— C,=0 (13) 
§By + mE, — §2B2 — n2E2 = 0 
a, D914; — bDo1C, — a2D92A2 + bzD92Cz = 0 
§1P1 By — 119, Ey — §2P2 Bz + N2qQ2b2=0 
A, cosh €, a+ B, sinhé,a+C,cosn, x +E, sinn, x =0 
A,é, sinh &, a + B,é, coshé,a — Cyn, sinn, x +E,n, cosn, « = 0 
Az cosh £28 — Bz sinh é,B8 + Cz cosn2B — FE, sinn2,B = 0 
A2é2 sinh €28 — B2§2 cosh 28 — C2n2 sinn2B — E2n2 cosn2 B = 0, 
where 
ay = FF +04D +1), b= nF -At+DOn+D 
pi=(§? + A+ 1) DoitAlQ + 1)D,9; + 2(A — Dui] 
qi = (NF —A- 1)Dgi — ALA + 1)Dy 9; + 2(A — 1)Dxi] 

For a nontrivial solution to the homogeneous systems (11), (12) and (13) of linear algebraic equations with 

respect to the coefficients A;, B;,C;, E; , itis necessary that the determinants of these systems be equal to zero 
A(A, &, B, Vi, Voi Eri, Foi, Gi)=0 (14) 

From (2) and (6), it follows that if 0< Red, <1, then under approaching the edge of the joint surface (r—> 0) 
the stresses (moments) increase unlimitedly, and the order of the singularity is | ReA, —1|. And if Rea, >1, the stresses 
decrease to zero when approaching the vertex of the angle. 

Research Results. Thus, the study of the nature of the stressed state near the rib of the edge of the joint surface 
of a compound anisotropic plate under bending involves finding the root 4 of transcendental equation (14) with the least 
positive part for constraint angles and mechanical characteristics of the materials being joined. 

Setting the determinants of these new systems to zero, we obtain equations relatively 1 for each of the three 
cases, respectively. A numerical solution of these equations is carried out for the following groups of parameters: 

Dy = 1,6; = up dy = 1,6; = 44; 53) y = 1G; = w;/4; 
Ay = 1/2,G, = His 5)¥ = 1/5, = 4uj; 6) = 2,6; = Au. 

In the numerical calculations, Voigt's remark [6] on equality F,; = Fg; is accepted. 

Some results of a numerical study of the root A, depending on the angle g =x +f, are shown in the table 
where x= 10°. 





















































Table | 
Parameter 4 values depending on the angles « and B 
Q 1 2 3 4 2) 6 
140 1.533 0.845 2.34 1.574 0.784 0.88 
160 1.288 0.703 1.72 1.146 0.653 0.73 
180 1.000 0.596 1.51 0.910 0.556 0.61 
200 0.816 0.516 1.039 0.756 0.485 0.53 
230 0.652 0.436 0.817 0.614 0.416 0.447 
n 
290 0.519 0.373 0.60 0.508 0.367 0.375 2 
360 0.500 0.325 0.563 0.474 0.311 0.333 a 
3 
The table shows that for these angles, depending on the anisotropy parameters, there may or may not be stress 
concentration at the vertex. 
We can solve the inverse problem [1—5] as well. We construct curves that, for fixed values of the mechanical a5 
7 


characteristics of materials on the « 6 plane, separate the regions of finite and infinite stresses (moments). 
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Assuming that the smallest root of the equation (11) is real near the boundary of high stress concentration 
region, we put A=1 in this equation (preliminarily clearing of the double root A=1) and find the smallest positive values 
of the angles « and B depending on the anisotropy parameters. The geometrical loci in the xf plane form those limiting 
curves that separate the concentration region (above the curves) from the low-stressed regions (below the curves). The 
numerical implementation of the obtained equation allows for the determination of a low-stressed region for the edge 
that provides the joint strength in the space of the parameters @, 8, V,;,V9i, Eyi, Eg;, Gj. 

Fig. 2 shows these curves for various values of the anisotropy parameters. Lines 1—9 correspond to the 
following parameters: 1) y = 1,G; = yj; 2)y = ps G,=Hi33)y =2,G,=4u3 dy = 1,6; = 4yj;; 


Sy = 1/9,6,= 4m Oy = 2.6, = ms Dy = 16, = m/4: y= Yo,G, = m/4s 9) 7 = 2,6, = mi 4 


NIA 





6 
‘t/a T a 









Fig. 2. Distribution of low-stressed zones 


In the graphs, straight lines correspond to a homogeneous plate, and curves correspond to a compound plate. 

Discussion and Conclusions. If for a homogeneous isotropic plate with a corner angle larger than x there is 
always a stress concentration at the apex, and with an angle smaller than z there is no stress concentration, then for a 
homogeneous anisotropic plate and compound isotropic and anisotropic plates, this pattern is violated as it is shown in 
the graphs (Fig. 2). 

It can be seen that the degree of concentration of the shearing forces near the angular point is higher by | as 
compared to the moments, which is explained by the imperfection of the classical theory of plate bending. 

In a similar way, we can consider the boundary conditions when the plate is freely supported along the outside 
edges, the outside edges are free, as well as the mixed boundary conditions. 

The problem considered here can also be investigated using the refined theory of bending of anisotropic plates 
[12, 13], which enables to go beyond the restrictions imposed by the Kirchhoff approximation and to compare the 
results. 
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